The steady-state performance of production systems with unreliable machines has been analyzed extensively during the last 50 years. In contrast, the transient behavior of these systems remains practically unexplored. Transient characteristics, however, may have significant manufacturing implications. Indeed, if, for example, transients are sluggish and the steady state is reached only after a relatively long settling time, the production system may lose some of its throughput, thus leading to a lower efficiency. This paper is devoted to analytical and numerical investigation of the transient behavior of serial production lines with machines having the Bernoulli reliability model. The transients of the states (i.e., the probabilities of buffer occupancy) are described by the Second Largest Eigenvalue (SLE) of the transition matrix of the associated Markov chain. The transients of the outputs (i.e., production rate, PR, and work-in-process, WIP) are characterized by both the SLE and Pre-Exponential Factors (PEF). We study SLE and PEF as functions of machine efficiency, buffer capacity and the number of machines in the system. In addition, we analyze the settling times of PR and WIP and show that the former is often much shorter than the latter. Finally, we investigate production losses due to transients and show that they may be significant in serial lines with relatively large buffers and many machines. To avoid these losses, it is suggested that all buffers initially be half full. For two-and three-machine lines these analyzes are carried out analytically; longer lines are investigated by simulations.
Introduction

Problem addressed and main results
Production lines with unreliable machines and finite buffers are characterized by both steady-state performance and transient behavior. The steady-state performance has been analyzed extensively for over 50 years (see, for instance, monographs by Buzzacott and Shanthikumar (1993) , Papadopoulos et al. (1993) , Gershwin (1994) , Yao (1994) , Altiok (1997) and Liberopoulos et al. (2006) ). In contrast, the transient behavior remains practically unexplored. Transient characteristics, however, may have significant manufacturing implications. Indeed, if the steady state is reached after a relatively long period of time, the system may suffer substantial production losses. For instance, if the cycle time of a production system is 1 minute and the shift in the plant is 8 hours, the system may lose more than 10% of its production due to transients, if at the beginning of the shift all buffers were empty (see Section 7). Thus, analysis of transients in production systems is of practical importance. Clearly, it is of theoretical interest as well. the SLE but also by its PEF, which tends to zero as the machine efficiency tends to one. 4. The situation with the transients of the work in process (WIP) is less fortunate: although the PEF here is also monotonically decreasing as a function of machine efficiency, it does not tend to zero, and the transients of WIP are longer than those of PR. 5. As a function of machine efficiency, the settling time of PR is monotonically decreasing, whereas the settling time of WIP is convex. 6. In order to avoid production losses due to transients, the buffer at the beginning of the shift must be at least half full.
In addition, based on investigating three-machine lines, it is conjectured that SLEs and PEFs have similar properties in production lines with any number of machines. Finally, it is shown by simulations that the behavior of the settling time and production losses in longer lines are also similar to those of the two-machine case.
Brief literature review
As it was mentioned above, the properties of transients in production systems have not been investigated in the current literature. The body of literature that is closest to this topic is concerned with fluid models of stochastic systems (see, for example, Kobayashi and Ren (1992) , Ren and Kobayashi (1995) , Mitra (1998) , Sericola (1998) and Mocanu (2005) ). While Kobayashi and Ren (1992) , Ren and Kobayashi (1995) and Sericola (1998) address communication networks, Mitra (1998) and Mocanu (2005) use production systems terminology. Specifically, they consider the transient behavior of a buffer with random input and output flows. The latest of these publications, Mocanu (2005) , develops an algorithm for a numerical solution of a partial differential equation, which describes the evolution of the probability density function for a buffer with Markov modulated input and output flows. However, no specific properties of transients in PR and WIP have been analyzed.
Paper outline
The remainder of this paper is structured as follows: Section 2 introduces the model under consideration and provides its mathematical description. The problems addressed are formulated in Section 3. The transients of the states (i.e., the probabilities of buffer occupancy) are investigated in Section 4, while the transients of the outputs (i.e., PR and WIP) are studied in Section 5. The issues of settling time are investigated in Section 6. Manufacturing implications, i.e., production losses, are discussed in Section 7. Finally, the conclusions and topics for future research are given in Section 8.
Model and mathematical description
Model
Consider a production line defined by the following assumptions:
1. The system consists of M machines, arranged serially, and M − 1 buffers separating each consecutive pair of machines. 2. The machines have identical cycle time T c . The time axis is slotted with slot duration T c . Machines begin operating at the beginning of each time slot. 3. Each buffer is characterized by its capacity, 1 ≤ N i < ∞, i = 1, . . . , M − 1. 4. Machine i is starved during a time slot if buffer i − 1 is empty at the beginning of the time slot. Machine 1 is never starved. 5. Machine i is blocked during a time slot if buffer i has N i parts at the beginning of the time slot and machine i + 1 fails to take a part during the time slot. Machine M is never blocked. 6. Machines obey the Bernoulli reliability model, i.e., machine i, i = 1, 2, . . . , M, being neither blocked nor starved, produces a part during a time slot with probability p i and fails to do so with probability 1 − p i . Parameter p i ∈ (0, 1) is referred to as the efficiency of machine i.
The steady-state performance of production systems defined by assumptions 1-6 has been analyzed in Jacobs and Meerkov (1995) . The present paper addresses their transient behavior. To simplify the presentation, only the case of identical machines and identical buffers is considered, that is,
A generalization for non-identical machines and buffers will be reported elsewhere. The reason for considering the Bernoulli model of machine reliability is two-fold. First, it leads to a simpler mathematical description than other reliability models, such as exponential, Weibull, etc. Second, although less general than others, it is adequate for production systems where the downtime is short and comparable with the cycle time. This takes place, for instance, in assembly operations where the downtime is often due to a pallet being jammed on a conveyor or due to the desire of an operator to complete the operation with the highest possible quality. In these cases, the Bernoulli assumption leads to a relatively faithful model of the production system.
Mathematical description
Under assumptions 1-6, the serial line can be described by an ergodic Markov chain with the states being the occupancy of the buffers. For the case of twomachine lines, the state transition matrix is the following
Transients of production lines
Let x i (n), i = 0, 1, . . . , N, n = 0, 1, . . ., be the probability that there are i parts in the buffer at the end of time slot n. Then the evolution of the vector
T along with the evolution of the production rate,
, and work-in-process, WIP(n) = N i=1 ix i (n), can be described by the following constrained linear system:
where
Description (4)-(6), along with its generalization for M > 2, is the basis for the analysis reported in this paper.
Problem formulation
SLE problem
Since A, defined by Equation (3), is a transition matrix of an ergodic Markov chain, it has a unique largest eigenvalue λ 0 = 1. Assume that the SLE, λ 1 , is real and simple while all other eigenvalues are distinct. Numerical calculations suggest that this assumption holds for matrix (3) regardless of the values of p and N. Arrange all eigenvalues of A as follows:
Due to Equation (7), there exists a non-singular matrix Q ∈ R (N+1)×(N+1) such that the substitution:
transforms Equations (4)-(6) intõ
For any admissible initial condition x(0), i.e., an initial condition such that
This implies that statesx(n) and, due to Equation (8), x(n), converge to their steady states as exponential functions of time with bases λ i . Hence, the duration of transients is defined by the largest of |λ i |, i = 0, i.e., by the SLE. In the framework of the model defined by assumptions (1-6) with M = 2, the SLE is a function of the machine efficiency p and the buffer capacity N. For M > 2, it depends also on M, i.e., λ 1 = λ 1 (p, N, M). The first problem addressed in this paper is to analyze the behavior of λ 1 as a function of p and N for M = 2. Some of these results are extended analytically for M = 3 and a conjecture for the case of M > 3 is formulated. This material is included in Section 4.
The PEF problem
As it follows from Equations (9)-(13), the dynamics of the output y(n) are described by the equations:
where it is taken into account thatx 0 (0) = 1 (since the first row of Q is the left eigenvector of A given by [1 1 · · · 1]).
Clearly,
where PR ss and WIP ss are the steady-state values of PR and WIP, respectively. Thus,
These equations indicate that the transients of PR and WIP are characterized not only by the eigenvalues of A but also by the
Since the initial conditionsx j (0) enter Equations (17) and (18) in a similar manner and since λ 1 is the SLE, the most important PEFs areC 11 /C 10 andC 21 /C 20 . Denote them as
Coefficients 11 and 21 describe to what extent the SLE affects the transients of the outputs. In addition, the relationship between these coefficients shows which of the outputs, PR or WIP, has faster transients: if 11 < 21 , PR converges to its steady-state value faster than WIP; if the inequality is reversed, the opposite takes place.
The second problem considered in this paper is to analyze the behavior of the PEFs 11 = 11 (p, N, M) and 21 = 21 (p, N, M) . This is carried out in Section 5 for M = 2 and a conjecture on the behavior of these functions for M > 2 is formulated.
Settling time problem
In control theory, the transients of feedback systems are often characterized by the settling time, t s , which is the time necessary for the output to reach and remain within ±5% of its steady-state value, provided that the input is a unit step function and the initial conditions are zero. A similar notion can be used to characterize the transients of production systems as well. Indeed, the zero initial condition could be interpreted as having all buffers initially empty, that is
where x i (0) is the vector of initial occupancy of buffer i. The step input, in the framework of production systems, is incorporated in the fact that matrix A has an eigenvalue equal to one and, therefore, the outputs converge to non-zero steadystate values, PR ss and WIP ss . Thus, the production system defined by assumptions (1-6) can be characterized by two settling times-with respect to PR and WIP-denoted as t sPR and t sWIP , respectively.
The third problem considered in this work is to analyze settling times t sPR and t sWIP as functions of p, N and M. This is carried out in Section 6.
Production losses problem
The three problems formulated above are mathematical in nature. The problem of production losses, although based on the results of the previous three, is clearly practical. It addresses the question of how much production due to transients is lost if the initial buffer occupancy is zero and what is the smallest initial buffer occupancy necessary to guarantee no production losses due to transients.
To formulate this question precisely, introduce the notion of production losses during period T:
Of particular interest are the initial conditions corresponding to all buffers being empty and all buffers having non-zero identical occupancy h(0). The corresponding production losses are denoted as L
A more telling metric of production losses is the percent of loss defined by
The fourth problem considered in this paper is to analyze the properties of 0 T (p, N, M) and to determine the smallest initial buffer occupancy h
This problem is discussed in Section 7.
Analysis of the SLE
Two-machine lines
For N = 1 and 2, the characteristic polynomials of matrix A defined by Equation (3) (with (λ − 1) being factored out) are
leading to the following expressions for the SLE as functions of p:
Characteristic polynomials for N ≥ 3 also can be calculated. For instance:
However, since their solutions, as well as those for N ≥ 5, cannot be found analytically, we calculate the SLE numerically for various values of p ∈ (0, 1). The results, along with Equations (23) and (24), are shown in Fig. 1 . As it follows from this figure, the behavior of the SLE as a function of p is qualitatively different for N = 1 and N ≥ 2: monotonically decreasing and non-monotonic convex, respectively. In other words, increasing machine efficiency speeds up the transients if N = 1 and may slow them down if N ≥ 2. The explanation of this phenomenon is as follows. In the framework of the model defined by assumptions (1-6), N = 1 implies that each machine serves as a buffer capable of storing one part and no additional buffering is present. If a buffer is present (i.e., N ≥ 2), the states evolve slowly when the machines operate almost "synchronously", i.e., are up or down almost simultaneously. Roughly, this synchronism can be characterized by the probability that both machines are up or down simultaneously. Since this probability is 
2 , the states move slowly when p is close to either zero or one.
As one can see from Fig. 1 , for each N ≥ 2, there exists a unique p * , which leads to the smallest SLE, that is
The behavior of p * as a function of N is shown in Fig. 2 . Interestingly, for all N ≥ 2, p * belongs to a relatively narrow interval (0.5, 0.6). This can be explained by the fact that the probability of one machine being up and the other being down is 2p(1 − p), which reaches its maximum at p = 0.5. To illustrate the duration of the transients for p = p * and for p values close to one, Fig. 3 (a) shows x 5 (n) for a system with N = 5 and the initial condition x(0) = [1 0 0 0 0 0] T . The graphs of Fig. 1 indicate that the SLE is a monotonically increasing function of N. More explicitly, the behavior of SLE as a function of N is illustrated in Fig. 4 . It shows, in particular, that for N = 10, the SLE is close to one for any p. Thus, long buffers lead to very long transients. This is illustrated in Fig. 3(b) , which shows x 3 (n) for three systems-with N = 3, 5 and 10-and with p = 0.9 and initially empty buffers. Clearly, N = 10 results in an order of magnitude longer transients than those for N = 3.
The above analysis leads to: Proposition 1. In serial production lines defined by assumptions (1-6) with M = 2, function λ 1 (p, N), N ≥ 2, is monotonically increasing in N and non-monotonic convex in p.
Three-machine lines
For M = 3, the transition matrix of the system defined by assumptions (1-6) can be explicitly written for N = 1 and 
It can be verified analytically that λ = 1 − p is an eigenvalue of Equation (25) and numerically that it is the SLE. Thus,
The SLE of Equation (26) can be evaluated numerically. These SLEs are illustrated in Fig. 5 (along with their counterparts for M = 2). From this figure, we conclude that the SLEs for M = 3 and M = 2 are qualitatively similar as functions of p. In addition, λ 1 (p, N, M = 3) > λ 1 (p, N, M = 2), N ∈ {1, 2}, implying that transients for M = 3 are longer than those for M = 2. Since no results on the behavior of SLE for N ≥ 3 could be derived at this time, based on the above observations, we formulate:
Conjecture 1: In serial production lines defined by assumptions (1−6), function λ 1 (p, N, M), is monotonically increasing in N and M, and non-monotonic convex in p.
Analysis of the PEFs
The effect of the PEFs on the transients of outputs, PR and WIP, is shown in Equations (17) Proof. The similarity transformation for Equation (3) with N = 1 is
This leads tõ
and, therefore, to Equation (28).
Thus, if N = 1, the SLE affects both outputs, PR and WIP, identically. In addition, since 11 (p, N = 1, M = 2), as a function of p, behaves as shown in Fig. 6 , just-in-time behavior leads not only to a monotonically decreasing SLE but also to a monotonically decreasing PEF, implying that the transients of PR and WIP are faster in a system with p close to one. For N ≥ 2, the situation is qualitatively different.
Proposition 3.
In serial production lines defined by assumptions 1−6 with N ≥ 2:
and, in addition,
This proposition is justified by calculating 11 and 21 using the symbolic manipulation function of MATLAB. The analytical expressions for these functions are too long to be included here. However, their behavior for N = 2, 3 and 5 is shown in Fig. 7 . From this figure and Equations (17) and (18), we conclude the following:
1. Since both PEFs are monotonically decreasing in p, the effect of the SLE on the transients of PR and WIP is decreasing when p is increasing. 2. Since 11 (p, N, M = 2) < 21 (p, N, M = 2), the SLE affects WIP more than PR, i.e., transients of PR are faster than those of WIP. 3. Since for most p values, 11 (p, N, M = 2) < 1, the transients of PR are faster than those of the states (i.e., buffer occupancy). 4. Finally, since 11 (p, N, M = 2) → 0 as p → 1, the effect of SLE on the duration of transients of PR becomes negligible when p is close to one.
Unfortunately, at present no general statement concerning the PEFs for M ≥ 3 could be derived. Therefore, based on the above observations, we formulate: 
Analysis of settling time
To analyze the settling times, t sPR and t sWIP , one has to know the behavior of PR and WIP as a function of n. Therefore, in this section, we first analyze the trajectories of PR(n) and WIP(n) and then utilize them to evaluate the settling time.
Behavior of PR(n) and WIP(n)
6.1.1. Two-machine lines The trajectories of PR(n) and WIP(n) can be analyzed numerically by solving Equations (4)-(6). In addition, analytical approximations, based on the SLE, can be constructed. This is carried out below. 6.1.1.1. Approximation of PR(n). Consider the serial production line defined by assumptions (1-6) with M = 2. Assume that at the initial time the buffer is empty. Then, 
For time slots n ≥ 2, introduce the following approximation:
where λ 1 is the SLE and PR ss is the steady-state production rate given by Jacobs and Meerkov (1995) :
Selecting β so that PR(1) = PR(1), we obtain:
Note that β tends to zero as p tends to one, which makes Equations (37)-(39) in agreement with conclusion 4 of Section 5: when p is close to one the effect of λ 1 on PR diminishes to zero. The accuracy of the approximation (37)-(39) is illustrated in Fig. 8 by comparing it with PR(n), obtained by solving Equations (4)- (6) numerically. This accuracy is quantified in Table 1 by
Equations (35)- (39) are utilized below to evaluate t sPR . 
Approximation of W IP(n).
Consider the serial production line defined by assumptions 1-6 with M = 2 and the buffer initially empty. Then, 
For time slots n ≥ 2, the following approximation is introduced: where, as before, λ 1 is the SLE, WIP ss is the steady-state work-in-process given by Jacobs and Meerkov (1995) :
and γ is selected so that WIP(1) = WIP (1), that is
Note that γ tends to zero as p tends to one only for N = 1, which makes Equation (45) in agreement with Proposition 2 of Section 5. The accuracy of the approximation (43)- (45) is illustrated in Fig. 9 , and quantified in Table 2 by
Equations (41)- (45) are used for t sWIP evaluation.
Comparison of PR(n) and W IP(n).
To compare the transients of PR and WIP, Fig. 10 shows the graphs of PR(n)/PR ss and WIP(n)/WIP ss for various p and N values. This figure also supports the conclusions of Section 5. Specifically, for N = 1, the transients of PR and WIP are identical; as N becomes larger, the difference becomes more pronounced; for large N, the transients of PR are orders of magnitude faster than those of WIP.
M > 2-machine lines
For M > 2, the behavior of PR(n) and
where WIP i (n) is the buffer occupancy of buffer i, is analyzed using numerical simulation of systems defined by assumptions 1-6. A C++ program was constructed to perform the simulations. For each line considered, 5000 runs were carried out. Within each iteration, every buffer was initialized to be empty, and the status of the machines, up or down, was selected with probability p and 1 − p, respectively. Then the average was calculated over 5000 runs for the output at each time slot, resulting in 90% confidence interval of less than 0.01 for PR(n) and 0.05 for WIP(n). The results of these simulations are shown in Fig. 11 . This figure also supports the Conjectures of Sections 4 and 5: the transients of PR and WIP become slower as N and M increase. Figure 11 exhibits one more interesting phenomenon of transients in serial production lines: the transportation delay. Unlike the dynamic delay, the transportation delay is not related to eigenvalues but to the time necessary for the input to reach the output. When M = 2 and the buffer is initially empty, the transportation delay for PR and WIP is one time slot. This is reflected in Equations (35) and (41). When M > 2, the transportation delay for WIP(n) = M−1 i=1 WIP i (n) remains one, whereas for PR(n) it becomes M − 1. Thus, for large M the transportation delay for PR may be significant. This is shown in Fig. 11 , where the transients of PR and WIP for N = 1 are no longer identical. However, as N increases, the effect of the dynamics becomes dominant, and the transportation delay does not alter the nature of the response in any significant manner (see the case of M = 10, N = 5 in Fig. 11 ).
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Meerkov and Zhang The behavior of estimates (47) and (48), along with the exact values, t sPR and t sWIP , is illustrated in Fig. 12 . Clearly, t sPR is monotonically decreasing as a function of p while t sWIP is convex, which is consistent with the behavior of the SLE and PEF analyzed in Section 4. The accuracy oft sPR and t sWIP , in terms of
is quantified in Tables 3 and 4. Note that, except for N = 1, the settling time of PR is a monotonic, rapidly decreasing function of p while that of WIP is non-monotonic convex.
For p close to one, the settling time PR can be an order of magnitude shorter than that of WIP.
Analysis of production losses
Approach
In this section, we analyze production losses during a shift of duration T cycles. It turns out that these losses are relatively insensitive to T as long as T 1. Therefore, we assume that T = 500 minutes, which is typical for automotive assembly plants where the cycle time is around 1 minute and the shift is 8 hours. The production losses have been defined in subsection 3.4 as
or, as the percent of loss
We evaluate L T and T as follows. For M = 2 and M = 3 (with N = 1 and 2), PR(n) is calculated numerically by solving Equations (4)-(6), respectively. For all other M and N, PR(n) is evaluated by simulations using the C++ program and the procedures described in subsection 6.1.2. To evaluate PR ss , another 20 runs of simulations were performed with the first 10 000 time slots as the warm-up time and the following 100 000 time slots used for the evaluation, which results in a 95% confidence interval of less than 0.003. Table 5 for M = 10. From these data, we conclude the following:
is a monotonically decreasing function of p with an almost constant rate (except for p values close to one). 
T (p, N, M) = 0 if h(0) = N/2 , where x is the largest integer smaller than x. Thus, half full buffers provide the smallest initial buffer occupancy, which leads to practically zero losses due to transients.
Conclusions and future research
This paper explored transients of the states (i.e., the probabilities of buffer occupancy) and the outputs (i.e., PR and WIP) in serial production lines with Bernoulli machines. It showed that while the transients of the states and WIP might be quite sluggish, the transients of PR are relatively fast, especially if machines are highly efficient. This phenomenon is explained using the PEF of the SLE of the transition matrix, which tends to zero for PR and to a non-zero constant for WIP, as the machine efficiency tends to one. In addition, this paper provided analytical formulas for evaluating settling times of PR and WIP and showed how to select the initial buffer occupancy so that no production losses due to transients take place.
Future work on the transients in production systems is envisioned in the following directions: extension of the results to production lines with non-identical Bernoulli machines and non-identical buffers; the generalization for other machine reliability models, e.g., geometric, exponential, and, perhaps, non-exponential (Weibull, gamma, lognormal, etc.) and the generalization for production systems with different topologies, e.g., assembly systems, closed lines, re-entrant lines; the development of mathematical tools for analysis of the SLE and PEFs for serial lines with M ≥ 3 (e.g., root locus-type techniques, Jury-type tests, aggregation procedures, etc.) should be a priority. In particular, justification of Conjectures 1 and 2 formulated in this paper.
